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TECHNICAL NOTE NO., 1029

A CONDITION ON THE INITIAL SHEOCK

By Theodore Theodorsen
SUMMARY

Initlial shocks of the type that occur on airfolls at
stream Mach numbers less than unity sre shown to satlsfy
& certain condition, namely, that the local Mach number
behind the shock wave tends to approach unity. This
result is, in nature, similar to the classic condition of
Kutta on the clrculation.

INTRODUCTION .- | -

e W
~4

When the flow velocity on the surface of an airfoil
exceeds the local velocity of sound, theére is & local
restricted supersonic potential flow field bounded by The
contour on one side and by the llne M = 1 on the
remainder. Where a certaln maximum supersonlc veloclty
l1s attalned, as in the middle of a section with fore-
and-aft symmetry, there will be a gradual reduction in
veloclty and the supersonic region wlll merge into the
subsonic field. When the critical condition is réached,
there will be a rather sudden change in the flow. Instead
of reverting back -to -subsonic by a gradual and potential
flow, the veloclity will not reach a maeximum in the central
point as before but will increase farther along the contour
and then revert to sonic value (locally) by a sudden shock.
This shock causes a corresponding (sudden) increase in
the drag and a reductlon in the circulation. The
veloclties will for - thlis reason be. considerably below the
Prandtl-Meyer values. TIn the -following discussion it will
be shown by a simple argument that the mission of the
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shock is essentially that of bringing the local velocity
back to & local sonlc value, that a smaller shock 1is
insufficient, and that a greater shock cagnnot be accommo-
dated., '

THEORY

The shock relations derived by Meyer and Prandti
(reference 1) may'be given as

Uln U2n = cg? -
K o+ 1

and
Ut = Uis-= Upg

where ujn ‘and upp are the normal components of tim
veloclty and uit and upt are the tangential components
of the velocity before and after a shock wave, respec-
tively; the quantity cg 18 the ecritical veloelty of
sound; and K is the adiabatic constant. .

8y use of the 'local ¥ach number ¥ =-% ~where V 1s

the local fluld velocity and ¢ 1s the local tﬂlocity of
sound, the fcllowing simole .and symmetric relations are _.
obtsinedo ’

L.m2 MoZ _ ( 2 )2
_ K - K - T \k + 1
1+ =3 Imi2 1+ > L pp2 :

where My and M1t are the normal and tangential com-
ponents of tlre Mach number on the upstream side and Mo



NACA TN No,- 1029 _ - )

and. Mot - are.the. same quantities om the dewnstream side
of the shock line. (See fig. 1.)

The relations Jf.‘.ox;. ‘the: angle of deflection & are

Ay + C) (a +c\+B-c
\/(1 ) (a2

cot §:= -
@1‘“0) B-c) \/(A2+c B-—C)
and ey e =
co; ; = \V/(Al M C) (.qé.+ C) .-.+-B..- c -
V D1Dz

where . oIl U o TRT BT e

by = [o e - 27 - (s 0 ]G0 22 -

ha = ME[EK_“I)Z‘ "{'."_ +—1>-2] + MaT? Kl’+ 1)2 ‘+ LL('-‘» -:1>

- bl )i ¢ (82 a4 BT E) - (s - 1)

C=t n + 1) \/(Mlu My )(m + 1)2 + 2M2M2T2(n2_- 6k + 1) * §{‘K- 1) (M? + MQT?,) +16
Dy = hew2[(k - Yuan? + 2 )
Dy = L;.nMaTa[(n - l)ls‘[2 + 2]

end M and Moy are the “(total) Mach numbers on the

upstream and downstream sides of the shock line, respec-—
tively. S oS 4 TS S0 £ s T I A S
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The relation for thé sngleé'of the shock line a 1is
CQSZG - -'—1-—"—'—

-M%p
. D_']_ "' Lo . ez ,
where D = LE; "It mey further be shown that the pressure
M ' o R L —
ratlo '
P2 _ 2k A1 *C -
p; K +1 D K + 1

and the temperature ratio

2 _[x(s1v0) - E520][E520 4 o) + D]

L D,K ; 1)2(A1 + C)

The angle a for M2T =1 1s glven by thé expresslon

2
MZ—E'K‘-“\,/ML‘-EMZ5"K+<5"K) + _16%

cosa = Kk + 1 K+l ¢ + 1)2
P )
Le 2
K + 1
For large values of M
[o10] S-Za .._..>l_{_._+__}.
2K
For k = 1.4 v oo
cosza~;§

The relationships among the various variables are
shown in figures 1 to 7. PFigure 1 showa the relations

of M, My, Vo, Migs Mpot, Momp, ay and 8., Cns & 1is nlotted .

against M fox various values of Mpp in flgure 2 and
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the angle & 1is plotted similarly in figure 3, which

also shows a magnified plot near ¥ = 1 for Npp = 1.

Figures l} and 5 show the pressures and temperatures, v T
respectively, resulting from shocks with Mpp = 1. The Co-
variation of cos2a with M for Mpp = 1 is shown in
figure 6. 1In this figure the asymptotic value should be

noted. In flgure 7 the function MZcosia 1s plotted
against M for Mpp = 1.

Values of cos:- 8 and & are listed in.table I for
various values of M and Mpnp. Lo

) Wreg a4
‘MM% :

DISCUSSION

The nature of the obligue shock for Mpp = 1 will

now be indicated. Suppose for the moment that the shock
on the upper side of an alrfoll results in a value Mpp> 1.
The flow is then still supersonic and, since the flow
dlverges on the back part of the airfoll, the Mach number
will increase until a second shock occurs. This second
shock may or may not produce a subsonic region; the
process therefore continues until finally a local Mach
number of unity is reached behind the last shock. From
then on no further shocks will occur since in a diverging
flow the subsomic velocity decreases. : R

-

o el
el Lo
ch Rae)

If only a single shock is permitted it would be
expected to revmlace the multiple shock: and produdéé & Mach
number of unity behind the shock front. &

If the shock should exceed such a shock in intensity ‘f -
and csuse 4 subsonic velocity behind the ‘shock front, this wd ‘f
‘~i-7

51,.4

shock will result in a greater entropy increase and a
greater drag than the corresponding wvalues of the shock
previously defined. Nature will prefer the shock that ~<
gives the smaller entropy increase- hence the shock will
reduce the velocity to & sonic value but no further.

The argument here differs from that used by Tslen
and Fejer (reference 2), who favor the condition of
maximum deflection as the criterion. Dailey {reference 3)
chooses a pressure coefficient behind the shock that 1s
numerically equal to thé pressure coefficlent at the -
local velocity of sound ahead of the wave.  Tslen's o
numerical result agrees cloasely with those in this paper.
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CONGLUSIONf... T

A tentative theory is given for a special condition
on the initial shock wave, which fixes a preferred shock
a8 the one resulting in a local sonic velocity behind. the
shock frontv

Langley Memorial Aeronsutlcal Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va., September L, 1945
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M
) .50 2. . .
Mo 0.25 1.5 00 li..00 5.00
0.25 | 1.0000 1. 1.6920 .5059 Lé60
.50 | 1.2036 1. 1.1086 | 1.0616 9251 | .8981
15 1 9551 -7992
1.00 | 1.6330 1 9792 .9225 .7798 7535
1.50 1.0000 | L9717 ozl .g95é
2.00 1.69§o A9717 | 1.0000 8837 -8515
[o00 . i:§6§’§ :‘éé‘g’g 8837 1.0000 | .38L8
5.00 | 1.,660 793 8515 | 9848 | 1.0000
deg
[
~ M
¥ o 1.00 1.30 1.50 2.00 ;.00 5.00
0.25
.50 22.32 26.09
.75 _ 20.76 36.52
1.00 0 6.32 11.70 22.21 28.76 h1.11
1.50 : 0 1%.66 2).57 57.%6
2.00 0 §£.91 z1.
.00 1.02 20.23 ;
E.oo 0 10.00 |
5.00 0 |
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Figure 1.~ Relatlons smong M, My, Mp, Myji, Mpg, M2p, a, and 8.
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NACA TN No. 1029 Fig. 3

12 .

6, deg |
4 /,
4
0
0 M 12 13 14 IS _ o
M
Mar
40 - o
/_,/’-”’ 1.5

30 /' /// 2.0
7
Y/ V4 | 50
S, deg 4 =3

20 / // = 3.0

N
.
~N
AN
N

4.0

o
T~
\\\\
™.
<

yd

0 ) 2 3 4 5
’ M NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
Figure 3.~ Variation of & with M for various values of Mo,
Portion near M = 1 for Mpp = 1 magnified,



Fig. 4
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Pigure 4,- Variastion of ratio of preasuree'resulting from shocks o

with M for Myp = 1,
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